Abstract: We explicitly derive the equilibrium price process in continuous time and state equilibrium models where heterogeneous agents receive partially unhedgeble random endowments. Furthermore, we quantify the positive impact the incompleteness feature combined with the agents' preference heterogeneity has on the equilibrium risk premium relative to equivalent models where all risks are spanned.
Introduction and notation
We present tractable Brownian based models which allow us to explicitly quantify the impact that unspanned random endowment and preference heterogeneity can have on the equilibrium equity premium. We develop incomplete equilibrium models that are not supported by a representative agent and are therefore not Pareto efficient. Our models quantify the significant impact that unhedgeble random endowments and preference heterogeneity can have on the resulting equilibrium equity premium.
The questions of existence and characterization of complete equilibria in continuous time and state models are well-studied, see e.g., [Mas86] , [Duf86] , [DH86] , [DZ89] , [KLS90] , [KLLS91] and [Žit06] , and for a more complete overview we refer to Chapter 4 in [KS98] and Chapter 10 in [Duf01] . The common proof technique in many of these papers is based on the martingale method from [KLS87] and [CH89] which in complete settings provides an explicit characterization of the investor's optimizer. By using the so-called representative agent method the search for a complete market equilibrium can be reduced to a finite dimensional fixed point problem. To the best of our knowledge only [Žit09] provides the abstract existence of a non-Pareto efficient equilibrium in a continuous setting. We provide tractable incomplete models for which the equilibria price processes can be computed explicitly.
[ Wan03] provides an incomplete discrete time infinite horizon equilibrium model and [CLM09] consider a finite horizon continuous time analogue in which the negative effect incompleteness has on the equilibrium interest rate is quantified explicitly. This finding is consistent with the partial equilibrium results in [Wan04] and [Wan06] . Furthermore, [CLM09] show how to incorporate a stock market into their setting. However, the model's incompleteness features do not affect the equilibrium equity premium. In this note we focus exclusively on the stock market and we present models which allow an explicit quantification of the impact incompleteness and preference heterogeneity can have on the equilibrium equity premium.
The incomplete equilibria papers cited above all model the investors' preferences by negative exponential utility functions with heterogeneous absolute risk aversion coefficients a i and we will do the same. We first extend the results in [Hen05] and incorporate a stochastic volatility và la Heston's model into the equilibrium stock price dynamics. In Heston's original model [Hes93] the stock's relative volatility is v whereas in this note v will be the stock's absolute volatility. Specifically, we show that the equilibrium market price of risk process, i.e., the stock's drift divided by its volatility, has the form λ(t) √ v t where λ(t) is a deterministic function of time and v t is a Feller process. This type of market price of risk process has been widely used in various optimal investment models, i.e., partial equilibrium models, see e.g., [CV05] and [Kra05] where λ(t) is assumed to be constant over time.
Our method of proof is based on first conjecturing the equilibrium form of the market price of risk process and then deriving the optimal portfolio for each investor, who faces a partially unspanned random endowment Y i . To get the equilibrium price process dynamics, we then aggregate the individual investors' demand functions and use the clearing conditions to show that the form of the resulting equilibrium is consistent with our initial conjecture. Specifically, we explicitly derive an expression for λ(t) in terms of the model's exogenous parameters, i.e., in terms of Y i 's dynamics as well as the absolute risk aversion coefficients a i .
We then illustrate that the equilibrium equity risk premium can dominate the corresponding risk premium predicted by the standard representative agent theory. Therefore, our model illustrates the positive impact unspanned random endowments and preference heterogeneity can have on the equity premium. As a consequence, this model can explain the equity premium puzzle. [CD96] reach a similar conclusion, but they perform a discrete trading analysis under various assumptions including bounds on aggregate endowment and requiring agents have identical risk preferences. The model described above does not rely on such assumptions and illustrates the role preference heterogeneity can play in explaining the equity premium puzzle via unspanned random endowments. Furthermore, we illustrate the significant impact unspanned endowments can have on prices of European options.
We conclude by explaining how to modify our setting to produce an equilibrium in which the absolute volatility process follows a Gaussian process. This is inspired by Stein and Stein's stochastic volatility model [SS91] where the relative volatility process is Gaussian. Our results in this direction can be seen as justification for the partial equilibrium model developed in [KO96] where also the market price of risk process is assumed to be Gaussian. Gaussian based market price of risk models have been widely used in the finance literature, see e.g., [Wac02] , [MS04] and [BK05] .
We consider a pure exchange economy with a single consumption good. S denotes the asset which investors use to transfer risks between each other and we will refer to S as the stock. Since we are only interested in the equity premium we take the risk-free asset (money market account) S 
The individual investor's problem
We start by defining the exogenous Feller process
where µ v ≥ 0 and (κ v , σ v ) are constants. Investor i, i = 1, 2, .., I, receives random endowment determined by the process Y i defined as follows
Here µ iY , σ iY and β iY , i = 1, 2..., I, are constants. The W -Brownian motion affects all investors whereas Z i models the individual investor's idiosyncratic risk. The Feller process v affects each investor's individual endowment process Y i and acts as a common stochastic volatility.
We conjecture and confirm that there exists λ ∈ Λ such that the equilibrium stock price dynamics are given by
The idiosyncratic Brownian motions Z i do not appear directly in the stock price dynamics (2.2). However, as we shall see, the presence of Z i has a significant impact on the equilibrium market price of risk process λ(t) √ v t . Since d S, v t = v t σ v dt, the parameter σ v controls the cross variation between the stock and the volatility. In what follows σ v plays an important role and to be consistent with empirical observations this parameter should be negative, see e.g., the discussions in Chapter 5 in [Gat06] .
The investor chooses a trading strategy θ and thereby generates the selffinancing wealth dynamics
In order to ensure that these dynamics are well-defined we require that the process θ is progressively measurable and satisfies the integrability requirement
Furthermore, in order to exclude arbitrage opportunities, we need to place an additional technical requirement on θ. We call a progressively measurable process (ξ t ) t∈[0,T ] a martingale density if ξ is a strictly positive martingale and Sξ is a local martingale. For notational convenience we allow the initial value ξ 0 to be different from one. For the i'th investor we single out one such density -denoted ξ it -and we deem a progressively measurable process θ admissible if in addition to (2.3) the process θ also satisfies that ξ i X x,θ is a martingale. In this case we write θ ∈ A i = A i (ξ i ). Investor i's preferences are modeled by the negative exponential utility function
where a i > 0 denotes the investor's absolute risk aversion coefficient. The investor's objective is to maximize expected utility stemming from terminal financial wealth X
x,θ T plus the random endowment Y iT , i.e., the investor seekŝ θ ∈ A i such that
In the market (S (0) , S) all European claims written on the stock, i.e., claims paying out g(S T ) at time T for some bounded measurable payoff function g are replicable, see the discussion in Section 5. However, the individual investor's random endowment Y iT cannot be fully hedged due to the presence of Z i in the dynamics of Y i and therefore (S (0) , S) is an incomplete market.
Theorem 2.1. Let λ ∈ Λ be arbitrary and let J i be the unique deterministic function satisfying J i (T ) = 0 as well as solving the affine ODE
Furthermore, we define the bounded deterministic function
and letX it X x,θ i t denote the corresponding wealth process. Then the procesŝ
is a well-defined martingale density. In the corresponding admissible set
A formal derivation of the HJB-equation leads us to conjecture thatθ defined by (2.5) is optimal. However, in order to apply a HJB-verification theorem we need certain stochastic integrals to be genuine martingales and in over to avoid this technical obstacle we present a proof based on duality.
Proof. We omit the i dependence in this proof. It is clear that the affine ODE for J has exactly one solution. Since J is continuous on [0, T ], J is bounded and thereforeθ defined by (2.5) is also bounded. As a consequenceX t X x,θ t is a well-defined wealth process. We define the deterministic function F by
as well as the function
for x, y ∈ R and v ≥ 0. It follows from Itô's lemma that V t = V (t,X t , Y t , v t ) is a local martingale with dynamics
To prove that V is indeed a genuine martingale we can use the technique presented in [LS77] , Section 6.2. Since v is a Feller process and λ is uniformly bounded, the process √ vλ satisfies Novikov's condition locally. We can then use iterated expectations to show the genuine martingale property. This property and the terminal condition ae
To verify thatθ is admissible, i.e.,θ ∈ A, we only need to prove thatX t ξ t is a genuine martingale. By Itô's product rule we have the local martingale dynamics
Since both λ andθ are uniformly bounded, we can modify the above local Novikov argument to show the genuine martingale property ofX t ξ t . Finally, we can verify the optimality ofθ in the set A i . We letŨ be the convex conjugate of U , i.e.,
For any θ ∈ A i we have
where the last equality follows sinceξ
We follow the part of the literature which assumes a zero net stock supply, see e.g., the framework used in Chapter 4 in [KS98] . The alternative assumption of a positive net stock supply allows an inflow of exogenous dividends into the economy. This additional inflow of the consumption good is in contrast to our setting where the dividends paid by the stock at time T are determined endogenously. In our model, the stock only serves as a device for investors to trade their the non-idiosyncratic risk parts between themselves. In this note we do not pursue the incorporation of exogenous dividends because it would unnecessarily complicate the analysis since our setting already captures the impact incompleteness can have on the equity premium.
The money market account is also assumed to be in zero net supply. It is important to note that clearing in the stock market, i.e., I i=1θ i (t) = 0, implies clearing in the money market. This follows since the investment in the money market account (ρ t ) t∈[0,T ] is given by the self-financing condition, i.e., for any θ ∈ A, the process ρ is defined by
Therefore,
The clearing requirement for the stock market produces an equation which completely characterizes the market price of risk process. Theorem 2.1 gives us the stock market clearing condition
We can write this clearing condition as
which is an implicit equation since λ appears in the definition of J i , see Theorem 2.1. To derive an expression for λ, we compute λ's derivative. Summing up and using
Our main existence result is summarized in the following theorem.
Theorem 3.1. If there exists a solution λ in Λ of the Riccati equation
the dynamics of the corresponding stock price (2.2) constitutes an equilibrium.
We refer to the appendix of [KO96] for a complete description of the Riccati equation (3.1). Depending on the exogenous parameters there may or may not exist a solution on the entire interval [0, T ] which seems related to the "smallness" condition of Theorem 2.5 in [Žit09] .
The representative agent's equilibrium
We define the aggregate endowment process E t I i=1 Y it with dynamics
The standard representative agent is modeled by the utility function
where π is a weight vector. Given that each investor is modeled by a negative exponential utility function, the representative agent's utility function becomes (see e.g., Section 5.26 in [HL88] )
This expression shows that the weight π does not appear in U rep 's x-derivative, hence, π does not matter for the representative agent's equilibrium. Specifically, if the market is complete, the martingale method produces the relation
where (ξ rep t ) t∈[0,T ] is the unique martingale density.
Lemma 4.1. Provided that the following coupled system of ODEs
has well-defined solutions in Λ, we have the following relation
Proof. We define M t to be the right-hand-side of (4.1). The dynamics of M follow from Itô's lemma and are given by
We can use the same method as in the proof of Theorem 2.1 to prove that M is a genuine martingale. Therefore, the boundary conditions for A and B produce (4.1). ♦ This lemma allows us to read off the representative agent based market price of risk process related to W as the process λ rep (t) √ v t where
What is the relation between the equilibrium market price of risk we found in the previous section and the market price of risk based on the representative agent stated above? As we shall see, when the investors' random endowments Y iT , i = 1, ..., I, contain Z-components we may not have λ = λ rep . In other words, when the market is incomplete the market price of risk process based on the representative agent can be incorrect.
We find the ODE that λ rep satisfies to be for t ∈ [0, T ]
which is a Riccati equation similar to the equation for λ, see (3.1). As before it is straight-forward to provide conditions under which this ODE has a well-defined solution on the entire interval [0, T ].
The equity premium puzzle
Provided that the ODEs for λ rep and λ have well-defined solutions we see that the equilibrium market price of risk process coincides with the representative agent's market price of risk process if and only if we have
This indeed holds in the complete case where β iY = 0 for all i, however, in general it is not true. The following numerical example illustrates the significance a difference can have on the equity premium.
Example 5.1. To keep it simple we divide the I investors into two homogeneous subgroups (L, H):
We let w ∈ [0, 1] denote the relative size of group L, i.e., w denotes the fraction of the overall population with characteristics (a L , β L ). The crucial factor in (3.1) is given by
which is independent of I. On the other hand, we have Table 1 shows that the investors' unhedgeble random endowment components (Z) can have a significant impact on the equilibrium equity premium. The impact depends on the relation between the risk aversions (a), the incomplete shock sensitivities (β) as well as the population's distribution (w). ♦ We end this section by illustrating the incompleteness impact on European derivative pricing. As we stated in Section 2, European derivatives are replicable and we briefly revisit the replication argument. By means of Girsanov's theorem we can define the minimal martingale measure Q min as the unique P-equivalent probability measure under which
and Z it , = 1, ..., I, are independent Browian motions. Therefore, the Q min -dynamics of v are
By the Markov property of (S, v) under Q min , we can find a smooth function
where g is a bounded measurable payoff function. By matching p's dynamics under Q min with the wealth dynamics X x,θ , we see that the initial wealth
and the portfolio strategy
produce the terminal wealth g(S T ). The following numerical example illustrates the impact of preferences heterogeneity and incompleteness on European option prices. 
Instead of the endowment dynamics (2.1) we define
In this setting we can find deterministic functions (λ, γ) ∈ Λ such that the equilibrium stock price dynamics are given by
In other words, the market price of risk process is the Gaussian process λ(t) + γ(t)v t which can be seen as a generalization of the model developed in [KO96] . In this setting the integrability requirement (2.3) is replaced by
2 dt < ∞, P-almost surely.
Theorem 6.1. For (λ, γ) ∈ Λ, investor i's optimal strategyθ it is given by
Here J i and I i are the unique deterministic functions satisfying J i (T ) = I i (T ) = 0 as well as solving the affine set of coupled ODEs for t ∈ [0, T ]:
We letX it X x,θ i t denote the corresponding wealth process and definê
which is a well-defined martingale density. In the corresponding admissible set A i = A i (ξ i ), investor i's optimal portfolio strategy is given byθ,θ ∈ A i . On the other hand, if there exist solutions (λ, γ) ∈ Λ of the ODE system
the dynamics of the corresponding stock price (6.2) constitutes an equilibrium.
Proof. We first define for t ∈ [0, T ] the deterministic function for (x, y, v) ∈ R. Itô's lemma shows V =ξ and the rest of the first part is similar to the proof of Theorem 2.1. For the equilibrium part of the theorem we note that the clearing condition I i=1θ it = 0 is equivalent to
By computing the t-derivatives we find the above set of ODEs for (λ, γ). ♦ We see that for (λ, γ) ∈ Λ, the coupled system of ODEs for (I i , J i ) always has a unique solution and therefore the individual investor's problem is welldefined. However, for the equilibrium to exists we need the Riccati equation describing γ to have a well-defined solution in Λ on the entire interval [0, T ]. This can easily be ensured by restricting the exogenous parameters describing the ODE for γ and as before we refer to the appendix of [KO96] for a complete description of this issue.
Finally, we mention that instead of conjecturing the form (6.2) we can consider stock price dynamics of the form dS t = λ(t) + γ(t)v t dt + dW t , t ∈ [0, T ]. (6.3)
Provided that the ODE system for (λ, γ) stated in Theorem 6.1 has welldefined solutions in Λ on the entire interval [0, T ], the form (6.3) also defines equilibrium stock price dynamics.
